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Jack K. Hale*

.

F

.

Abst rac t .  This paper discusses primarily the idea of genericity in
bifurcation theory for one and two parametcr probitins. Recent resul ts
on homoclinic points are mentioned as we l l as a connection between the
b i f u r c a t i o n  func  t ion and d y n a m i c  behavior .

My objective in this lecture Is to point out some trends in the

• . 
• 

th~ orv of b i f u r c a t i o n  in d i f f c r e n t  Lii equa t ions  and the manner in

wh i c h  vt~r\ ’ abs t rac t  theory has an inf luence  on the basic unders t and ing

of specific examples. The examples will be in low dimension — never

more than three. ThLs choice is not made because exainplcs ncvcr  arise

in h igher dimensions.  In fact , some of the most intt’resting applica—

t ions of bifurcation theory today concern infinite dimensional systems

— partial differential equations , functional differential equations or

• various types of tntegra~ equations. Even though the  or i g i n a l  prr~h lem

is of higher d imension , the essential ingredient to bifurcation often

• is determined by a vector field in a low d imensional space. Tht’

appropriate space Is obtained from the theory of integral manifolds

*Lefscht.tz Center for Pynam~cal Systems. Division of Applied Mathema—
tics , Brown Univer~.Ity, Providence , R.l. 02912. This work was support-
ed in part by the National Science Foundation under MCS—79—05774, in
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B i f u r c a t i o n  Theory

• which Is discussed by Marsden [161 at this conference.

Even though I will not attempt to give an historical perspective on

b I f u r c at ion  theory , a ca r e f u l  s tudy of the l i ter a t u r e  shows tha t

Polncar~ [26], [27J and Lvapunov [141, [15} are responsible for the

basic philosophy as well as severa t  of the fundamental Ideas of the

methods that we presently emp l oy .  One can f ind  a d ir ec t  l ink w i t h  the
C

impor t ance  of exchanges of stability , the  reduction principle to lower

dimensIonal problems , the philosophy of genericity and the transforma-

tion theory so relevant to obtaining approximations of  the  cen te r

manifold and the flow on the center manifold . In many respects , we

a re s t i l l  exp l o i t i n g  t h e ideas and m ethod s o f t h ese t wo g iants .

A fundamental st ep  toward modern bifurcation theory in diff erential

equations was made by Andronov and Pontryagin [31 when they gave a

• defInition of structural stability in the plane. To avoid the d i f f i -

c u l t i e s  t h at  ar i s e  frdm the noncompactness of the plane , they restrict—

ed the discussion to the interior of a closed curve without contact to

an~’ of the vector fields to be considered . Two vector fields X,’t’ in

ck . k 1, ~r i v i l e n t  i f  t h e  t ra o c t a i  i . ’s of Of l ( ’ a r ’  hor~eomorph Ic to

t h e  other. T h i s  Is an equivalence relation among vector fields. X is

structurally stable if every Y in a neighborhocd of X is equ ivalent

• to X. The set of structurally stable systems is open and dense and

characterized by the following properties: every critical point and

periodic orbit is hyperbolic and no orbit connects saddles.

One can now say X is a bifurcation point (a vector field for which

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —-___
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Bifurcation Theory

.t perturbation could lead to a bifurcation) if X is structurally
.

unstable; that is, not structurally stable. it Is impossibl e  to study

the behavior of all, vec tor  f i e lds  in t h e  neighborhood ~ f an a r b it r a ry

b i f u rca t ion  pe in t I  for  example , X — 0 is a bifurcation poin t and any

t iow in the plane can be obtained by choosIng an appropriate V near

~‘ero. This is where the  idea of genericity enters hifurcation theory .

One must f ind these bifurcation points X which have the  property

that the simplest possible bifurcations occur near >1. Andronov and

Leontovich [1] made th i s  precise by defining structural instability of

degree It (or bifurcation point of ~~~~~~~ e I t ) .

• 
• 

The vector field ~ is a bifurcation point of ~~g~ec 0, if it is

structurall.v stable. X is a b i f u r c a t i o n  point ef de~~~~ 1, if there

• is a neighborhood of X which has only bifurcation points of degree

0, or , ones which  are equivalent to X. It is a b i f u r c a t ion  p o i n t  of

• degree 2 , if there is a neighborhood containing only bifurcation

points of degree 0 or 1, or , ones which are equivalent to >1.

Similarly, one defines degree k.

It can be shown (see Andronov et: al [2] . Sotoma ~’or [29)) that It 3

implies X being a bifurcation point of degree 1 is equivalent to

the fact that there is a neighborhood U of X such tha t

U = U 1 U 1’ U U~, where F is a smooth subman l fo ld  of cod imens ion one,

• U~ ,U, arc open sets belonging to distinct equivalence classes of

structurally stable sstcms. Furthermore , X is a bifurcation point

•“ .. of degree 1, if and only ff exactly one of the following alternatives

3
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M f ur c nt  Ion Theory

h o l d  as one passes t hrougi~ X t rom U
1 

to U ,

(1 ~i Two lim it c ‘-c 1 es c~’a Ic see and d isa ~‘ pear

( I  fl .\ ocus  loses I t s  h\’ rh1 ’ I i c i t  v and  a pe t ’ I od Ic  o n ’  i t  a S

( t ’l~~ s ti t  a n y  t i o p t  b l f u r c a t  lon ’I

(iii ~ .\ s a d i  1 e a n d n od e co~ I esee and dl sappeat’

( i v  t h e  i c  is •t smoot ii I uvar (ant curve t’ont a in l u g  a sad i I t ’ an d

node whi ch c ~sc e • d I 5:1 pp ea r and t he i oVa t’ I :111 t 0 U t’Vt ’

b ecomt ’s a per iod to  ot’h It •

(~~~ 
tr~ X ((fl /.~x ~ 0, a per t ed Ic orbi t and saddle t’r~~e t o  ov~ a

• h~’moc 1 into orb It ( the  st a bl e  and unst  ab~ e nan I I ~ 1tl ~ 01 t t i ~

• . sa~h d I c I nt e r s e ct  ~ at  N an1i t lien t h e  hence 1 I a Ic  orb  I t

LI I sa ppc.i r 1 c a v in g  on I v the  said I c .

t h e  , I L  t h at  on l v  two  p~~~ l b  l i l t  (es ar I s e  it~ a n~’ I c, 1~b or1~ ’c1 ot

h t t r c , l t  ion p o in t  c i  degree  1 suggest  s th a t t t i  i s  i S  he t vp  I CO I or

~ener  Ic s it u at  ion t h a I  ar i s e s  in the  d I scuss ion ot  one p~ira nct en

• t’.ln i  I ics ot  V ec t  or f L ids. Sot onav on  2 1) has  pr oved t h i s  is  t h e  ease .

10 I •ic I , in  t h e  I am I I v  of smoot Ii one t’~u-anct cv I a n t i  ( C s  01 V C t ’ I or 1’ t eL l s

• In C1’ . k • t h e  set ~‘h ( o h  cont  a ins on1~’ b i  fuveat IOfl p o i n t

d e gr e e  0 or 1 is  yes  i d u a l  .

1”xt  ens I vi ’ a pp 11  c,, t ion s  of these r e su l t s  t o I he t h i i ’orv o t ’ non I (n ear

ose i l l  at  ion s  was made In t h e  I~~te  1) 10 ‘S (Set ’ And onov , V i t t  and

K h a ik i n [ ‘4 J  ) . Most 01 t u e  tOSt l l I S  lU t he l i t  C r 0 1  t ire  01) 01) 1’ p . I r a i n e t  en

prob l ems art’ a consequence of I hesi ’ r esti It s.

• . The charact er  Izat ion of I’ I I I I  rca I ion p o i n t  of degre e t w o  has ret’ ent —

‘4
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Bifurcation Theory

lv been comp le ted , but  the d e t a i l e d  resul ts  w i l l  not be g iven here (see
.

A n i r o n o v  et al [2 ] .  Sot en av or  [30), [31], Takens [32], Carr [5]). This

theo ry  o~ b i f u r c a t i o n  po in t s  of degree  two can be considered the t y p i ca l

or gcr te r ic  s i tuat ion for  two p a r am et er  f a mi l i e s  of v e c t o r  f i e l ds .

Genuine two parameter  problems f r equen t ly  ar ise  in applicat ions and

of t e n , the t e n d e n cy  is to sca le  the  parameters in terms of a sing le

small parameter  in order to use some c lassical  per tu rba t ion  procedure .

So m e t i me s  i t  is possible (but  w i t h  considerable e f f o r t )  to show tha t

the information obtained Is exact1~’ the same as one would obtain 1w

• 
. a l lowing  the original parameters to varY independently. In other cases ,

In f or u a t i o n  is lost  by s c a l i n g .  The simplest i l l u s t r a t i o n  of th i s  is

the l lcp f b i f u r c a t i o n  when the degener ate  term is f i f t h  degree ra ther

than c u b i c .  For ;mn v one parameter  f a m i ly  of vector  f i e l d s  for  which

the eigenvalues cross the Imag inary axis  wi th  non—zer o  ve loci ty ,  it can

bC shown th a t  o n l y  one pe r iodic orb i t  will be obtained (see Chafee [61).

• i i  the eigenvalues are allowed to cross with zero velocity, two orbits

• s o m e t i m e s  appear (see Flockcrzi [10]). If this problem is discussed in

the g e n er a l  setting, no confusion or loss of information occurs. This

result for Hopf bifurcatIon has recen t ly  been applied by Chow , et al

[8].

In t e re s t ing  app lications of the two parameter methods for  the equs—

tion

• x + \
1
x + X

2~~+ f(x ,c ) O

• • ~• • • _‘ ‘—“ _— •~~• “ ~~~~~~~~~

‘ 

• • ‘ • •  • • • • • • • • •••‘•• •• ••- •—•—- —‘
~ ~~~~_ ,
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Bifurcation Theory

have been given by Takens [32], Holmes and Marsden [ii], Carr [5] for

the case when f(x,0) = Bx3, B ~ 0 and by Howard and Koppel [12] for

f(x,0) ,?x~ , # 0.

- . 
- 

-. For a discussion of bifurcation points of degree greater than two,

see Andronov € t  al [2], Sotomayor [30], [31].

When the d imension of the system is >2, the class of structurally

s table  sy stems is small in the sense that it is not a residual set.

In addi t ion , many new phenomena occur which make a classification of

such systems extremely difficult. Much of the modern theory of dynamic-

al systems is an t t t empt  to discover a residual set of “simple ” dynamic-

al systems - one s which can be classified and which will preserve their

essential fea tures  when subjected to purturbations (see Smale [28],

N i t e cki [23] ,  Peixoto [25] ,  Newhouse [20],  Pa lis and Melo [24]) .

Bi furca t ion  theory is not as well understood . In dim in > 2 , much

a tt en t ion  has been de~roted to the appearance of strange attractors

• through bifurcation from a homoclinic orbit. For a hyperbolic fixed

poin t of a d i f f eorno r ph ism , a po in t q # p is homoclinic to p if q

• 
, is in the intersection of the stable and unstable manifolds of p. It

is transverse homoclinic to p if the intersection is transversal. A

special case of the results of Newhouse and Palis [21], [22] is con-

cerned with one parameter families of diffeomorphisms f(x,A) which

have the stable and unstable manifolds of p at X = 0 tangent at q.

Under certain conditions, they show there are families with the property

• that there is an infinite nonwandering set for each X < 0 and the map

is structurally stable for each A < 0. Furthermore, there are in—

6
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B i t  ur e . i  t ion Tlieor v

f i n i t e l y  man chan ges  in t h e  t o p o l og I c a l  st r uct u re  as  A -
~~ 0.

~c~ housc [19) shows each of t h e se  svst ens at so has in f in  lt d  v many

s in k s .

The .ibst r o o t  t h eor ~’ L i i i  be rea l l e d  for  a planar  d l  f t  cr eut  i al  c q u a —

ion  w i t h  p e r i o d i c  -oe~ t Icients

+ ~ ( v)  — \
1

v + \ •j (t)

wh e r e  f ( t+ 1)  — f ( t  and the equat ion f o r  — \ •, 0 has a homo—

clinic orb it. The . I ppear . i nc t ’ of homec t i n  t o  o rb  i t s  ~or , \ 
~) in a

no I ~hb c r h o o d  of :~ero has been d i scussed  by sever a l  persons i n c lu d  lug

M c I  ‘n i k o v  [ I f l ,  ~‘ ‘ro .~ov [l~~] ,  H o lm e s  (see ( i i ] ) ,  Chow , H ale . Ma l l e t—

Pa r e t  [7 .Ini hl avashi  .ini U c l a  ( soc [3 ‘I . T h e  most cen t’ let  e d I son s—

s i on  i s  in  fl and r e l i e s  o n l y  on c l a s s i c a l  c on c ep t s  in differential

&s;u.it t o n s .  It  is  shown t her e  are  two cu r v e s  in ( • \~~ —s~,aec w h i c h

c o r r e sp o n d  t ’  h i f u r c a ~ ion to hcmoc tin to  points .  In a ne i ghborh oo d ~ f

• a ny  p o I n t  on t he se  cu rves , there  arc m l ’ in i t e lv  man\’ subh arm onic  h i —

fu r e a  t i 01)5 , h a l t  he i ii e, said I es .ini t h e  ot h er s  sinks. This examp i e thus

g ives  a con~-r e r e  i l l u s t r a t ion  ~‘f t he  a b s t r a c t  r e s u l t s  in diffeotnerphisms.

~ nc a l so  ca n ob se rve  t h i s  type  of bifurcati on in a more generic way

1w cons l i t e r  Ing :i planar cqtiat ion

x X (x ,A) + i a f ( t , x)

• where I ( t+l ,x) — I ( t  “~‘t .in i the I t i n o t  i t ~t ) N ( x ,  \ l  a t  \ 0 is a h 1

•
‘ • .. fu r c a t i o n  point  of degree  one s a t i s fy i ng  property (v) where a homoclinic

7 
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Bifurcat ion Theory

o r b i t  j o i n s  a s a d d l e .  !or a g e n e r i c  c lass of f , one can adap t  the

— method s in [7] t~ ~~~t the  curve of h i f u r c a t i o n  to homocl in ic  po in ts .

The theory of integral manifolds will imply the existenc e of a hyper—

be t  ic i n v a r ian t  to rus  ~I \ ,  nea r the  per iodi c orbi t  which bifurcated

f r o m  t h e  t iornool  i nic  o rb i t  of ~ — X( x ,X ) .  One can show there  are sub—

• harmonic i ’ i f u r c a t t o n s  on as \ ,p v a ry .

As a f i n al top ic , we ment ion  a recent result  on the r e la t ionsh ip

between th e  dynamic behavior of a sy stem and the b i f u r c a t i o n  f u n c t i o n

• obta ined by the method of L ia punov — Schm i d t .  Consider the n—d imension

- 
- 

equation

(1) x = \X + f(t ,x,\)

• whe re f ( t + l ,x , \ )  = f(t ,x ,A), f(t,0,0) 0,~ f(t,0,O)/ 3x = 0 , A is a

vector par anc  ter , the matrix A has z er o a s a simple cigenv alue a~ d

th e  remaining ones w i t h  negative real parts. If we apply the method of

• 1 i .ipunov—Schmidt for the existence of 1—periodic solutions for (x ,X)

- near zero , we obtain a scalar bifurcation function G(a,A) depending

on a scalar  a and A whose zeros correspond to 1—periodic solut ions .

Cons ider  the scalar equat ion

(2 )  a = G(a,A )

• It is shown by deOliveira and Hale [91 that the stability properties of

the equilibrium points of (2) determine the stability properties of the

1—period ic solutions of (1). The bifurcation function is relatively

H 8
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- Bifurcation Theory

easy to approximate since it only requires equating Fourier series.

It is c e rt a i n l y  much easier than averaging techn iques. More important-

ly ,  i t  perm its a complete discussion of several parameter problems

• •.. -• which averag ing alone cannot do since it requires scaling of the para-

meters and an application of the implicit function theorem. The re—

suits apply directly to Hopf bifurcation since one can arrive at (1)

by a change of variables with t representing an angle. Certain types

of infinite dimensional evolutionary equations also can be discussed

(see [9]).

The extent to which the above remarks are valid where A has a

• • double eigenvalue zero certainly deserves extensive study. The problem

is difficult because of the possibility of the appearance of invariant

ton i and homoclinic points. When one considers a three dimension

autonomous equation near zero for which the linear part has a pair of

purely imaginary eigenvalues and one zero eigenvalue, a change of

variables leads to equation (1) in the plane with A = 0 and t an

• angle variable. Langford [13] has discussed some special bifurcations

in th is case.
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